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Abstract: In this paper we introduce the notion of the difference operator A x, for a fixed m € N. We define the

sequence spaces (Am ) R C(Am ) and c, (Am ) (m eN ) and study some topological properties of these spaces.
We obtain some inclusion relations involving these sequence spaces.
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Fark Dizi Uzaylarinin Yeni Bir Sekli

Ozet: Bu calismada sabit bir m € N sayist igin A x, fark operatorii yardimyla £ (Am ) , C(Am ) ve ¢, (Am )

dizi uzaylar1 tanimlanip, bu uzaylar i¢in bazi topolojik 6zellikler ¢alisilmig ve bu uzaylara ait bazi kapsam bagintilar

verilmistir.

Anahtar Kelimeler: Fark dizi uzayi, Solid uzay, Simetrik uzay, Tamlik

1. Introduction

Throughout the paper w, £ _, ¢, and ¢,
denote the spaces of all , bounded, convergent, and
null sequences x = (xj) with complex terms,
respectively, normed by

| x || = supg gl -
The zero sequence is denoted by 6 = ( 0,0,0, .. ).

Kizmaz [3] defined the difference sequence
spaces £ (A), c(A) and ¢ (A) as follows:

Z(A)={x=(xp): (A )AZ},
for Z={  ,cand ¢y, where Ax = (Axg) = (xf -
X)), forall k € N.
The above spaces are Banach spaces, normed by
% [[a= [ x1] + supy || Axic | .

The idea of Kizmaz [3] was applied to
introduce different type of difference sequence
spaces and study their different properties by

Tripathy ([6], [7] ), Et and Esi [8] and many
others.

2. Definitions and Preliminaries

A sequence so ace E said to be solid (or
normal) if (x) € E implies (auxy) € E for all
sequences of scalars (o) with | oy | < 1 for all ne
N.

A sequence space E is said to be monotone if
it contains the canonical preimages of all its step
spaces.

A sequence space E is said to be convergence
free if () € E whenever (x,) € £ and =0
whenever x; = 0.

A sequence space E is said to be a sequence
algebra if (x.)) € E whenever (xy) € E and ()
ek.

A sequence space E is said to be symmetric if
(xza0) € E whenever (xi)€E, where n(k) is a
permutation on N .

For r >0, a nonempty subset V' of a linear
space is said to be absolutely r-convex if x, ye V'
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and |/1|r + | ,u|r <1 together imply that
Ax + uy € V. A linear topological space X is said

to be r-convex if every neighborhood of 8 € X
contains as absolutely r-convex neighborhood of

0 €X (see for instance Maddox and Roles [5] ).

Let m € N be fixed, then we introduce the
following new type of difference sequence spaces

Z(Am):{x:(xk)e w: Amer},
for Z={  ,candc, , where
A, x =(Amxk)= (xk —xk+m),for all k € N.

Form=1, { (An)= L (A), c(Aw)= c(A) and
co(An)= co (A). Hence the introduced notion generalizes
the notion of difference sequences studied by Kizmaz

(3]
3. Main Results

In this section we establish the results of this
article. The proof of the following result is a routine
verification.

Proposition 1. The classes of sequences
l, (Am ) , C(Am ) and c, (Am ) are normed linear

spaces, normed by

m
=1

.. =2~

r

+ Sl]’:p | Amxk |

Proof. Let o, B be scalars and (x), (n) € £ (An).
Then
sup|A, x, |[<oo and sup|A,y, <o

k k

Hence

sup| A, (ax, + By )| <lof sup| A, x, | +[B]
k k

sup| A, v, | <«, by (2).
k

Hence £ (An) is a linear space. Similarly it can
be shown that c(A,,) and c¢o(A,,) are linear spaces.
Next for x =6, we have || @], =0. Conversely,

tet || x|, =0.
Then

||x||A zz X, +Slz.p|Amxk | =0.
r=1 ¢
=x=0 forr=1,2,---,m and |A, x, =0, for
all k e N.

Considerk=1lie. |A, x, |F0=|x —xim|=

= X1 = 0, since x,, = 0.
Proceeding in this way we have x, =0, for all £ € N.

lx+ylly, =2 1%, +y, [+sup| A, (x, +3,)]

r=1 k

<> |x, [+sup|4,x, > 1y, +sup4,, ;|

r=l1 r=1

= l[xlls, +12la, -

Finally
m

1 Ax 1]y, = 2 | A, |+512P|Am(/1xk)|
r=1

=[x HAW :

Hence ||.||, isanorm on the

spaces ¢ (A, ), c(A, )and ¢, (A,) .
This completes the proof.

Proposition 2. (i) ¢, (Am ) c C(Am )C l, (Am ) and
the inclusions are proper.
()20 < Z(A,) forZ=c,co, !

inclusions are strict.

and the

0

Proof. Trivial.

Theorem 3. The sequence spaces
‘., (Am ) , C(Am ) and c, (Am ) are Banach spaces

under the norm (1) .

Proof. Let (x” ) be a Cauchy sequence in / (Am ) ,

where (x" )= (xi”)z (xl”,x; , X5 ,) el (Am) for
eachneN.

Then
m
_ no_ i
N —E X! —x,
" r=1

, as n, i — . Hence for a given ¢ > 0, there exists n, €
N such that

n

i
X —X

+sup|A, x! —A x |0
k
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m
‘ —fo—xj
=1

----03)
Hence ‘x,’; —x,i‘ < ¢ forall n,i>ny and
k=12,...,m.

= (x,i ) is a Cauchy sequence in C for k= 1,2, .., m.

x" - x’”
AVVI

, forall n, i > n,.

= (x,’{) is a convergent in C for k=1,2, ..., m.

Let limxj; =X,,sayfor k=12,...

i—ow

, M.

From (3) we have| A, x!' — A, x| |< &, for all
n,i>ny and all k € N. Hence (Amx,i ) is a Cauchy
sequence in C for all £ € N. Thus (Amx,i ) is

convergent in C, let limAmxjc =), ,sayforeach k e
i—o©
N. Since limx,l‘ =X, .exists for k=12,...,m,so
i—0
we have lim x,l( = X, ,exists for each ke N.
i—o©

We have

: 1 J |— 1
l,lmZ|'xr _‘xr |_Z|xr _'xr |<€ >
J2*N0 r=1
for all i >ny, and
- - i j
%l_{g | Xk =X = (Kiam = Xiem) |
, for all £k eN and
i i
_‘ Xk - Xk _(Xk+m _Xk+m) ’< €
iZno.
Hence for all i > n, , we have
sup|Ax; —Ax, <.
k
Thus

m
Z|x; —x, |+sup|Ax, — Ax, |<2¢,
k

r=1

= ((x'=x)el_(A,), foralli>n,.
Thusx=x'—-(x'-x) foc(Am) ,foralli>ng,
since fw(Am) is a linear space .

Hence / (A " ) is complete.
Similarly it can be shown that the spaces
C(A ) and ¢, (A
The following result is a consequence of the above
result and the definition of BK-space.

) are also complete.

m m

13

Proposition 4. The spaces

+ Sl]:.p |A,x0 = A,x, < gfw(Am), c(Am)and c, (Am) are BK-spaces.

Since the inclusions C(Am ) cl, (Am ) and

c, (Am ) cl, (A m ) are proper, the following result
follows from Theorem 3.

Proposition 5. The spaces C(Am ) and ¢, (Am ) are
nowhere dense subsets of 1 _, (A m ) .

Theorem 6. The spaces
‘. (Am ) , C(Am ) and c, (Am ) are not solid spaces.

Proof. The proof follows from the following examples.

Example 1. Let x, = & for all £ e N. Consider the
sequence of scalars (o) defined by oy = im +1, for i =
0,1,2,... and oy =0, otherwise. Then

(x)e C(Am) c foc(Am) ,but (ouxy) & foc(Am) :

Hence the spaces C(Am ) and / (A ) are not solid.

For the case ¢, (Am ), consider the sequence x;
=1 for all £ e N and the sequence (oy) defined as above.
Then (x)e ¢, (Am) ,but (oux) € ¢, (Am) .

Hence ¢, (A ) is not solid.

m

Theorem 7. (i) The space c, (A) is symmetric.
(i) The spaces Ew(Am), c(Am)and CO(Am)

(for m > 1) are not symmetric spaces.

Proof. (i) The first part is known. For the second part,
consider the following example.

Example 2. Let m =2 and consider the sequence (xy)
defined by (x) = 1 for k£ odd and (xi) = 2 for k even.
Consider the rearranged sequence (yy) as

(yk)=(x15x3’x2’x4’x5’x7’x6"x8"“')

Then (yk ) Zc, (A2 ) Hence ¢, (A2 ) is not
symmetric.

Next let m = 1 and consider the sequence (xy) defined as
xx =k forall k € N. Consider its rearrangement defined
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as
(y )_ (xl,xz,x4,x3,x9,x5,x16,x6,x25,j
)=

X7,X36,X8,X49,X10,...

Then (x)e C(A) cl, (A) ,but(w) & 0 (A) :
Hence the spaces C(A) and /| (A) are not
symmetric.

Theorem 8. The spaces

l., (Am ) , C(Am ) and c, (Am ) are not convergence
free.

Proof. The result follows from the following example.

Example 3. Let m =2 and consider the sequence (x,)
defined as x, =1, forall ke N.Then (x)

€c, (A2 ) c C(A2 ) cl, (A2 ) . Now consider the
sequence (yy) defined by y, =k*, forall k € N, then
e !, (Az ) . Hence the spaces

c,(A,), c(A,)and £ (A

convergence free .

) are not

m

Theorem 9. The spaces
0.(A,),cA,)and c,(A

Proof. The proof follows from the following example.

m ) are not monotone.

4. References

1.Cooke, R.G. (1950). Infinite Matrices and
Sequence Spaces; MacMillan , London.

2.Kamthan, P.K. and Gupta, M.(1981):.Sequence
Spaces and Series ; Marcel Dekker Inc. ; New
York.

3.Kizmaz, H. (1981). On Certain Sequence Spaces,
Canad.Math.Bull.; 24 169-176.

4. Maddox, 1.J.(1970). Elements of Functional
Analysis Cambridge Univ.Press.

5.Maddox 1J.,and Roles, J.W.(1969). Absolute
convexity in certain topological linear spaces,
Proc.Camb.Phil.Soc., 66, 541-545.

14

Example 4. Let m =1 and consider the sequence x =
(xi) defined as x, =1, for all k € N. Then

(xe ¢, (A) . Now consider the sequence (y) in its

preimage space defined by y, =1, for k odd and by y,

=0, for k even, then () ¢ C, (A) . Hence the space
c, (A) is not monotone.

Next consider the sequence x = (x;) defined as x;
=k, forall k € N. Then (x)e C(A) Céw(A) . Now
consider the sequence (y) in its preimage space,
defined as above, then () ¢/ (A)

spaces C(Am) and /| (A

. Hence the

m ) are not monotone.

Theorem 10. ¢ (A, ), c(A, )and c,(A,) are1-

convex.

Proof. If 0 <0 <1, then

rfe=(x): M, <o

is an absolutely 1-convex set, for let x,y € V" and

|ﬂ,| +|y|£1,then

Je+ o, < (Al +|do <5

This completes the proof.
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