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Abstract : In this article we introduce the multiplier vector valued sequence space co{E,,A, p}, where A =

() is an associated multiplier sequence of non-zero complex numbers and the terms of the sequence are chosen

from the semi normed spaces E,, keN. We study some properties of these spaces like completeness, solidity,

inclusion of two different classes. We prove the decomposition theorem.
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1. Introduction

The notion of statistical convergence of
sequences was introduced by Fast[2] and
Schoenberg [13]. It is also found in zygmund[17].
Later on it was studied from sequence space point
of view and linked with summability by Fridy [3],
Connor[1], Salat [12], Tripathy[15] and many
others. The idea depends on the density of subsets
of the set NV of natural numbers. A subset £ of N is
said to have density 8(F) if

S(E)=limn™ Z;{A (k) exists, where y, is
n—o py
the characteristic function of E.

For (x, ) and (y, ) two sequences, we say that
x, = y, foralmostall k (in short a.a.k ) if 6 ({
keN:x, #y, })=0.

A sequence (x,) is said to be statistically
convergent to L if forany &£>0, 6 ({keN:| x,
—L|=¢&})=0and we write stat-lim x, = L.

A sequence ( x, ) is said to be statistically.

Cauchy provided that for every £ > 0, there
exists a number n,, such that | x, —x, |<é& for

a.a.k.

The scope for the studies on sequences spaces
was further extended by using the notion of
associated multiplier sequences. Goes and Goes
[4] defined the differentiated sequence space dFE
and the integrated sequence space JE for a given
sequence space E, using multiplier sequences (k)
and (k) respectively. Kamthan [5] used the
multiplier sequence (k!). In the present article we
shall consider a general multiplier sequence

A=(y,) of non-zero scalars.

Throughout 7 _, ¢, ¢, and ¢, denote the

spaces of bounded, convergent, null and
statistically null sequences respectively.

2. Definitions And Preliminaries

The concept of paranormed sequence space
was studied by Nakano [10] and Simons [14] at the
initial stage. Later on it was studied by Maddox
[9], Lascarides [7] , and many others.
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The studies on vector valued sequence spaces
was explored by Ratha and Srivastava [11],
Leonard [8] and many others.

Throughout the article £, will denote a
seminormed sequence space, seminormed by f,
for all k£ € N, defined over C, the field of complex
numbers. Throughout p = (p,) is a sequence of

strictly positive real numbers and ¢, = p;I , forall

ke N.
A vector valued sequence space F is said to be

solid (or normal ) if ax =(a, x, ) €E, whenever x
=(x,) € Eand a=(«,) is a sequence of scalars

suchthat | o, |< 1, forall k € N.

A sequence space E is said to be monotone if
E contains the canonical preimages of all its
subspaces ( one may refer to Kamthan and Gupta

[6], p- 48).
A sequence space E is said to be symmetric if

(x,) € E implies (x,, ) € E, where n is a

permutation of V.
Tripathy and Sen [16] have studied the
following vector valued sequence spaces :

t (E,,A,p) ={(x,): x, € E_ forall keN
and Sl;p(fk (rix )™ <o}

co(E,,A,p) ={(x,): x, € E, forall keN
and (f, (7,x,))" — 0, as k —>oo}

CAE A, p} ={(x,): x, € E, forall keN
and there exists r >0 such that

Sl]’:p(fk(rykxk))m t, <o} co{E,, A, p} {

(x,): x, € E, forall keN and there exists

r >0 such that
(f ryx NP t, =0, as k—o}
If pel, and each E, is complete, then

co{E,, A, p}is a complete paranormed space,

Pr

paranormed by g(x) = sup(f; (7, x,p )™ ,
k

20

where M =max(1, H), H= sup p, .
k

The space ¢ _{E,,A, p}is paranormed by g
if inf p, >0 .
In this article we introduce the following class

of wvector valued sequences associated with
multiplier sequences :

EO(EkaAap) =1 (xk)3 X, € Ek for all keN
and (f, (y,x.))"t, —*—>0, as k >},

ClEL A pt ={(x,): x, € E, forall keN
and there exists 7 >0 such that

(fi rex ) e, — _50,as k—o }.
We define

my(E,, A, p)=co(E,,A,p)" !, (E,, A, p)
and

mo{E, A, p}=co{E, , A, py "L {E A, p}.
Let 0 {E, }={(x,): x, € E, forall keN and
d({keN: x, =6, )} =1},

where @, is the zero element of £, .

Two sequence spaces £ and F' are said to be
equivalent if there exists a sequence u = (u, ) of
strictly positive numbers such that the mapping u
: E = F defined by y = ux = (u, x,) € F,
(x;) E,
correspondence between E and F. It is denoted by

E=F(u) or simply E=F ( see for instance Nakano
[10]).

It is remarked by Lascarides ( [7] Remark 3)
that “ If E is a sequence space paranormed ( or
normed) by g and E = F(u), then Fis a sequence

space paranormed ( or normed) by g defined by

g,(0)=gw'y), yeF >
Further it is noted by Lascarides [7] that « if

(p)e L, then co(p) = co{p}(u), (as well as
0, (p)=l {p}(u)), whereu=(p;).”

For E, F' two sequence spaces we define M (
F, E) as follows:

whenever IS 1S a one-to-one
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M((F, E)={(y,): (y,x,)eE for all
('xk)E F}a
where A =(y,) is a multiplier sequence.

Lemma 1. 4 sequence space E is solid implies that
E is monotone.
Lemma 2. ( Fridy [3], Theorem 1) . The
following statements are equivalent :

@ (x)
sequence

(it) (x,) is statistically Cauchy sequence

is a statistically convergent

(iii) (x,) is a sequence for which there is a
convergent sequence (Y, ) such that

X, =y, foraak.
Lemma 3. ( Salat [12], Lemma 1.1). A sequence
(x,) statistically converges to L if and only if
there exists such a set

K={k < k,<k; <... }cNthat XK)=1 and

limx, =L.
n—o "

Lemma 4. ( Connor [1], Theorem 2.3) . If X
= (x,) is statistically convergent to L, then there is
a convergent sequence y = ( y, ) and a statistically
null sequence z = (z, ) such that y is convergent to
L, x=y+zand 3 keN : z,# 0 }) = 0.
Moreover, if x is bounded then z is bounded and
2 ke <[ x ke +[LJ.

Lemma 5. ( Lascarides [7], Proposition 1) . Let
h =infp, and H = sup p,. Then the following

conditions are equivalent:
i) H< owand h>0

(i) cy(p)=coor L (p)=L,
(i) £, {p}=1,()

(iv)  coip} = co(p)

V) lipi=L(p).

3. Main Results

In this section we prove the results of this
article.

Theorem 1. co{E,,A, p} is a linear space for
any sequence p =( p, ).

Proof. Let x € co {E,,A, p}. Then there exists r
> ( such that
(fk(ykxkr))pk t, — 50, as k— oo.

Let &eC and without loss of generality let & # 0.
Lee p = r | & [" > 0, then we have

(fe 7 (&, NP L=

(f, (v, x, ) t, —>0,as k> .
Therefore &Ex € Eo{Ek,A,p}, forall £ € C
and x € co{E,, A, p}.

Next we suppose that x, y € co{E,,A, p}. Then
there exists 7; > 0 and 7, > 0 such that
(i X)) 1, —=—>0 ask—> o
and
(fi ey t, ——=0 as k — oo
Then for a given &> 0, we have
8(K) =8({ ke Nt (f,(ry,x)" t, <e =1
and
8(Ky) =8({ ke N: (fi (ryx, )1, <e})=1
Let r= (rr,(r,+r,)" and K =K, N K.
Then clearly &(K) = 0 and for all £ € K, we have
(i (xp + v N 1<
[(fi (nyxn (n +rz)7l)pk Lt

(i (yexon(n +rz)71)pkl‘k <Ep; -

Hence x+y e co{E,,A,p}.

Since ¢ _{E,,A,p} is a linear space for
any p , we have the following result.
Corollary 1. m{E, ,A, p} is a linear space for
any sequencep =(p,) .

The proofs of the following two results are
easy, so omitted.
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Theorem 2. Let 0 <inf p, < p, < sup p, and

each E, is complete, then my{E, ,\, p} isa
complete paranormed space, paranormed by g
Proposition 3. The space m,{E,, A, p} is solid
as well as monotone.

Proposition 4. The space m,{E, ,A, p} is not

symmetric.
Proof. The result follows from the following
example.

Let E,=c, p,=1and y, =1, forall k € N.
Alsolet f,(x,)=sup|x; |,

where x, = (x,),, forall k € N.
We consider the sequence (x, ) defined by
if k=i’,ieN
=0 , otherwise.

where e=(1,1,---) and 8 = (0, 0, -----).
Then (x,) e my{E,,A, p}. We consider the
rearrangement (y, ) of (x,) as
v, =e , if kis odd
0 , otherwise.
Then (y,) ¢ m,{E,,A, p}. Hence
my{E,,A, p} is not symmetric.

X, =e

Theorem 5. [fpe l_, then the following are
equivalent

) (x) € co{E A, p)
(i) there exists a subset K={{k,, k,,
ky,...} of Nsuch that &K)=1 and

}1_2'01 ((fe(ry,xy, )™ 4, =0.
(ili) there exists (y,) € co{E,, A, p}such
that x, =y, for a.a.k.

(iv) there exists sequences (y, ) and (z,)

such that x, =y, + z, forallk € N and

(Vi) € cotE A, pY, (20) € S,(EL).

22

Proof. Let (x,) € co{E,,A,p}. Then there
exists >0 such that
(e ex )™, —=0

a,=(f, rex )™ty

co. The equivalence of (i) and (ii) follows from
lemma 3, that of (i) and (iii) from lemma 2 and
that of (i) and (iv) from lemma 4.

Theorem 6. Let ( p, ) be a given sequence of

as k — oo. Let us

consider Then (a,)e

strictly positive numbers. Then (y,)e (E, E) if
and only if ((y,)")el,where E=
mO {Ek ] p} .
Proof. The sufficiency is obvious.
For the necessity, suppose that ((y, )" )e (.

Then there exists a subsequence ((7, )74 ) of
((7,)") such that

7)) > o, asi—w
Then we can find a sequence
(x,)e my{E,, p}such that

()™ 12 [y, (xki’”))pk' I 17! forall i
e N.

Then [(f, (}/kixkir))pk" t, 1> 1forall ieN.

Thus (}/k)ﬁ(mo{Ekap}’mo{Ekap}) >, a

contradiction.
Hence the result.

From Lemma 5 and Theorem 7, the following
result follows.

Corollary 2. M(E,E)=( _,where E=
my{(E,., p} if and only if
h=infp,>0 and H=sup p,<co.

The following result follows from Lemma 5
and Corollary 2.

Corollary 3. Leth=infp, and H=sup p,.
Then the following are equivalent:

(i) H< w and h>0

(11) mo {EkaAap}: mO(Ek 7Aap)



On A Class Of Statistically Null Vector Valued Sequences Associated With Multilpier Sequences

Theorem 7. Letp, q €/l . Then

co{E,, A, pyc colE,, A, q} if and only if there
exists a subset K of N with &K) =1 such that
limlimsupg, " (M~ p,)"* = 0.-—-—(1)

keK

Proof. Let K — N be fixed with &K) =1.
Let I( M)= limsup qk_1 (M p,)r, forall

keK
M>1
and I(M.k)=q," (M p)"
Suppose (1) holds . Then for a given £> 0,
there exists M ,> 1 such that

I(M)<egforalM> M.

Letx € co{E,,A, p} and M " be fixed with
M*>M . Then there exists > 0 such that

([ ix ) b, —=—>0 ask — .
Then X4 )=X{keN:

|
(i), <M™ =1,
Let B=A N K. Then & B)=1. Now, for all
k e B,

_ _ w1 Ak
(e X r)N™ q, '= qi I(M P s

limsupg, " (M*flpk)ﬁ< (M™)<e

keB

Therefore x € co{E,,A,q}.

Hence co{E,,A,piccolE,,A.q}.

Conversely suppose that

colE,, A, pyccolE,,A, g} but (1) fails. Then
we have two cases:

(i) Forall subsets K of N with AK) =1, we
have I (M) = o for every integer M > 1.

(if) For any subsets K of N with AK) =1, [
(M) < oo for all M > 1 and liﬂgn I(M)>0.

23

Case (i) There exists a strictly increasing
sequence ( k;) of positive integers with X{ k,: ie
N }) # 0 such that
I1(i+1, k)>i, i=
Define (x, ) as follows :
_ @+ n™ pktk

|7 |
= 0, , therwise.

So, (f, (7, x, )"t, = (i+1)", forallk=k,,i

f I, k=k,,ieN,

Hence (x,)e co{E,,A,p}.
Also, (f, (7, x,r)* qk—1

9k

dk -
rig poe i+1) P 2I(i+1, k)

min (1, #™"), for k= k, and for all »>0

(H'=supq,<w)> i min(l, #"")
k

Therefore (x,)¢ co{E,,A,q}. Hence we arrive

at a contradiction.
Case (ii) Suppose liA}InI (M) = 2a >0. Then

there exists a strictly increasing sequence (k;) of

positive integers such that
I(M+i-1,k)>a, i=1,2,3,

We define a sequence x = (x, ) as follows :
M +i-D)Tpt
|7 |

I, ,k=k, ie N=20,

k

,otherwise.
Then (fk(ykxkl))h t, = (M+i—1)_1, for
allk=k,,i=1,2,3, - .

Hence (x,)e co{E,,A,p}.
Further for k= k,,ie N, we have

(fe pxr )™ Qkil

qk

9k T
quQk_lkaT(M"'i_l) s
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>[(M+i-1, k)min (1, »™"),
for all >0

(H'=supg, <o )>a min(l, r"")
k
Therefore (x, )& co{E,,A,q} ata contradiction.
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