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Abstract: The main purpose of this paper is the application of the discrete singular convolution (DSC) method
to solid mechanics. Geometrically nonlinear static analysis of thin rectangular plates on Winkler-Pasternak
elastic foundation has been studied. The nonlinear partial differential equations obtained from Von Karman’s
large deflection plate theory have been solved by using the DSC method. The effects of Winkler and Pasternak
foundation parameters on the displacements have been investigated. The accuracy of the proposed DSC method
is demonstrated by the numerical examples.

Keywords: Plates, nonlinear analysis, discrete singular convolution,deflections.

Iki Parametreli Elastik Zemine Oturan Biiyiik Deformasyonlu Dikddrtgen
Plaklarin Statik Hesabi

Ozet: Bu c¢ahismamin esas amaci discrete singular konvolution (DSC) metodunun kati mekanigine
uygulanmasidir. Winkler-Pasternak elastik zemine oturan ince dikdortgen plaklarin geometrik bakimdan lineer
olmayan analizi sunulmustur. Von Karmanin biiyiikk deformasyonlu plak teorisine bagli olarak c¢ikartilan
diferansiyel denklem DSC metodu kullanilarak ¢oziilmiistir. Winkler ve Pasternak zemin parametrelerinin

deplasmanlar iizerine etkisi incelenmistir. Sayisal 6rnekler ile metodun yaklagimi gosterilmistir.

Anahtar Kelimeler: Plak, lineer olmayan analiz, ayrik tekil konvolisyon, deplasman.

1. Introduction

Nonlinear static and dynamic analysis of
plates of various shapes has been carried out by
various researchers [1-5]. More detailed
information can be found in a recent review
paper by Sathyamorth [6]. Nath et al. [7,8]
presented the finite differences methods for
spatial ~ discretization and Houbolt’s time
marching discretization to study the dynamic
analysis of rectangular plates resting on elastic
foundation. Dumir [9] and Dumir and Bhaskar
[10] have investigated nonlinear static and
dynamic analysis of rectangular plates on elastic
foundation employing the orthogonal point
collocation method. Civalek [11,12,15,16] and
Civalek and Ulker [13,14] applied harmonic
differential quadrature (HDQ) method to the
solutions of plates with or without on elastic
foundation.

2. Discrete singular convolution (DSC)

The discrete singular convolutions (DSC)
algorithm was originally introduced by Wei [17]

as a simple and highly efficient numerical
technique. In this paper, details of DC method
are not given; interested readers may refer to the
works of Wei [18,19] and Wei et. al.[20] who
originated the method. Wei and his co-workers
first applied the DSC algorithm to solve solid
and fluid mechanics problem [21-23]. These
studies indicate that the DSC algorithm works
very well for the vibration analysis of plates,
especially for high-frequency analysis of
rectangular plates. Consider a distribution, 7" and
n(t)as an element of the space of the test

function. A singular convolution can be defined
by

F@)=(T*n)(0) = [T(t—x)n(x)dx ()
where 7'(t —x)is a singular kernel. The DSC
algorithm can be realized by using many
approximation kernels. However, it was shown
[17-20] that for many problems, the use
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regularized Shannon kernel (RSK) is very
efficient. The RSK is given by
1 @)

(x—xp)’

xp[_ i
where A=m/(N-1) is the grid spacing and N is the
number of grid points. The parameter o
determines the width of the Gaussian envelop
and often varies in association with grid spacing,
i.e., o = rh. Here r is a parameter chosen in
computation. It is also known that the truncation
error is very small due to the use of the Gaussian
regularizer, the above formulation given by Eq.
(2) is practically and has an essentially compact
support for numerical interpolation. With a
sufficiently smooth approximation, it is more
effective to consider a discrete singular
convolution

sin{(w/ A~ xg)]
(/A)(x = x;)

5A,g(x—xk): 20

Fo,®)=2T,t—x)f(xp) 3)
k

where F, (t) is an approximation to F(f) and
{x(}is an appropriate set of discrete points on
which the DSC is well defined in Eq. (1). Note
that, the original test function 7(x) has been
replaced by f(x). This new discrete expression is
suitable for computer realization. The
mathematical property or requirement of f(x) is
determined by the approximate kernel 7, . In the

DSC method, function f (x) and its derivatives
with respect to x coordinate at a grid point x; are
approximated by a linear sum of discrete values f
(x) in a narrow bandwidth [x-xy;, xtxy |. This
can be expressed as

M

SO0 T 500 x ) (xg)
k=-M
(n=0,1,2,...,) 4

where superscript n denotes the nth-order
derivative with respect to x. The x, is a set of
discrete sampling points centered around the
point x, o is a regularization parameter, A is the
grid spacing, and 2M+1 is the computational
bandwidth, which is usually smaller than the size
of the computational domain. The higher order

derivative terms ¢ X“?T (x—x;)in Eq.(2) are

given as below;

44

d n
Oy =x)= () [0,,(x=x)] O

where, the differentiation can be carried out
analytically.

3. Governing equations

The geometry of a typical rectangular plate
resting on Winkler elastic foundation is shown in
Fig. 1. The foundation is modeled in terms of
Winkler parameter k. Including the normal
inertia and neglecting damping of the
foundation, the distributed reaction from the
elastic foundation on the shell at any instant of
time ¢ is given by

Considering the plate-foundation interaction
and neglecting the in-plane and rotary inertia, the
governing differential equations of motion in
terms of non-dimensional displacements
components U, V, and W for geometrically
nonlinear dynamic analysis of thin rectangular
plates resting on Winkler elastic foundation can
be expressed as [8]:

s g
U,XX+7(1_U)U,YY+;(1+D)V,XY

2

ﬁZ
+7(1_0)W,YY W,X

+ﬁ7(l+v)W,YYW,XY=0, )
ﬁzV,YY+%(l—v)V]XX+ﬁ%(l+v)U,XY
+ﬂ{ﬂzw,w+%(l—v)wﬂ}w,y
+ﬁ%(1+U)W,XW,Xy=0, (®)

W xxxx T 28° W xxyr B W yryy

- 12[U,X +pov +% W )+ % B*o (W,Yf}(W,XX)
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The non-dimensional quantities in the above
equations are defined as

W=w/h, X=x/a,Y=y/b, f=ab,
U:ua/hz,V:va/hz,
D:Eﬁ3ﬂza—v%,K=kfa$@,

P=qa%/Ep*. (10)

where u, v and w are displacement components
in the x, y, and z directions, respectively, 4 and h,
are the thickness of the plate and foundation, £ is
Young’s modulus, v is Poisson’s ratio, p; and p
are the mass density of the foundation and the
material, K is the stiffness parameters of Winkler
foundation, D is the flexural rigidity, a and b are
the sides of plate along x and y directions, 7 is the
time.

Fig. 1. Geometry and dimensions of rectangular
plates on elastic foundation.

In the present study the following two types
of boundary conditions are considered. For all
simply supported four edges and immovably
constrained against in-plane translation (SSSS):

U=V =W=0 (11

2 2
o 2070 | _ 12
( 2+1)ﬁ ZJ—O (12)

ox 194
U=rV=w-=90 (13)
2 2
w w
e BTN
8Y2 6)(2

at X =0and X =landat Y =0and Y =1. For
all clamped four edges and immovably
constrained against in-plane translation (CCCC):

U=V=W=0 (15)
(LWj _o (16
ox

U=V=W=0 (17)

(LWj _o (13)
ox

at X=0and X=1andat Y=0and Y =1.1In
this study, a uniform grid in both the x- and y-
directions is employed (i.e. A= A~=A). We
denote a grid point (x;, yj) by x; = iA, and y; =
iA, and the differences of two grid points by
Xi - Xjrxk — -kAX and Vi = Viek = -kAy. The value
of U and V at a grid point (x;, y;) are denoted
by U, and V;;, respectively. After spatial
discretization, DSC form of the governing
equations and boundary conditions are given
as

M M
SO U, 1 g+ B d] TEDRNUG g
k=-M k=-M

M
tBdy LIV 4k

M
SOV 4k
k=-M k=-M

M M
+[ 2 5X3U(kA)W,' + k’jJ Zé(Al,)ﬂ(kA) Wi k,j
k=-M k
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=12P(1—p?) 1)

where 50, 5@, §¢)and 5@ are coefficients

of the regularized Shannon’s delta kernel for
spatial discretization using DSC. The set of non-
linear algebraic equations (19-21) can be solved
for {U}, {V} and {W} using non-linear
algorithms such as Newton-Raphson method [4,
15].

4. Numerical results

The title problem is analysed and some of
DSC-HDQ results are compared with results in
the open literature [7-10] to show the
applicability and efficiency of DSC-HDQ
coupled methodology. To check whether the
purposed formulation and programming are
correct, a clamped immovable plates without an
elastic foundation is analysed first. The load-
central displacement curve of clamped
immovable rectangular (b/a=0.5) and square
plate(b/a=1) under uniform distributed load is
compared in Fig.2 with the results of Dumir and
Bhaskar[10]. The DSC results based on
regularized Shannon’s delta (RSD) kernel are
generally in agreement with the results of
Rererence [10]. The performance of the DSC is
excellent.

In the following examples, unless specified,
the RSD kernel based DSC is used for spatial
discretization and the HDQ method is used for
time discretization. Furthermore, the
computational bandwidth is chosen as 16. The
regularization parameter is set to o = 2.46A.

The static response of clamped and simply
supported immovable square plates on Winkler-
Pasternak foundations is depicted in Figs 3 and 4
for various values of the foundation parameters,
K and G. The obtained results agree excellently
with those of Dumir and Bhaskar[10] solution. It
may be concluded that increasing the applied
load will always result in increased
displacements. It is shown that the S-S boundary
condition presents larger displacements values
than the C-C boundary condition. Thus, it can be
concluded that the results are also dependent on
the boundary conditons of the plates. The effect
of K on the response of clamped supported plates
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resting on Winkler elastic foundation is shown in
Figure 5. Figure 5 show that deflections will
decrease with increase in foundation parameter.
It is also observed that the influence of Winkler
parameter K, on the displacements is significant.
Variation of maximum deflection of clamped
rectangular plates with different values of
Winkler modulus K as depicted in Fig. 6. The
influence of the foundation parameters, namely
K, has been studied for statical analysis. It is
shown that the response decrease as the K
increases.

5. Conclusions

The present paper focusses on the
application of DSC method. For this purpose
geometrically non-linear static analysis is studied
for thin rectangular plates on elastic foundation.
To the authors’ knowledge, it is the first time the
DSC method has been successfully applied to
rectangular plates resting on two parameter
elastic foundation problem for the geometrically
nonlinear static analysis. It is appeared that the
parameter K and G of the Winkler and Pastenak
foundation has been found to have a significant
influnce on the displacements of the plates. In
fact, similar results were previously found.
Consequently, by comparing the computed
results with those avaliable in published works,
the present analysis by the DSC method is
examined and a very good agreement is
observed.
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Fig. 2. Load- Central deflection response of clamped
plate (v=0.3).
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Fig. 3. Central deflection versus load with different foundation parameters (CCCC Plate)
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Fig. 4. Central deflection versus uniform load with different foundation parameters
(SSSS Plate).
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Fig. 5. Variation of central deflection with different load and foundation parameters for CCCC rectangular
plates (b/a=2; v=0.3).
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Fig. 6. Variation of maximum deflection of clamped plates with Winkler modulus
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